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EFFECT OF VISCOSITY ON THE AUTOIGNITION OF A REACTING MOVING 
MIXTURE 

A .  M .  G r i s h i n  

Z h u r n a [  P r i k l a d n o i  M e k h a n i k i  i T e k h n i c h e s k o i  F i z i k i ,  V o i .  8, N o .  3, p p .  5 3 - 5 9 ,  1967 

Ya. B. Zel'dovich has established [1] that in a continuous-flow re- 
actor two ignition regimes are possible: forced ignition and auto- 
ignition. 

It is important to consider the special properties of the autoignition 
regime associated with the hydromechanics of laminar flow and heat 
transfer through the pipe wall. In [2, 3] it was shown that the effect 
of heat of friction on heat transfer in long pipes is qualitative in char- 
acter. Moreover, according to Schlichting [4], in certain cases the 
temperature gradient for such flows due to the heat of friction may 
reach 10-30 ~ , which is comparable with the preexplosion tempera- 
ture rise in the stationary theory of thermal explosion [5]. In this 
connection it is clear that under certain conditions the heat of friction 
may considerably reduce the explosion limit. 

This paper is devoted to a study of the effect of heat of friction on 
the explosion limit of a reacting fluid in a long cylindrical pipe. The 
dynamic autoignition regime due to heat of friction is examined. In 
particular, it is established tbdt, other things being equal, by increas- 
ing the pressure drop it is possible to obtain explosion of the reacting 
system. 

w T h e  l a m i n a r  s t e a d y - s t a t e  f l o w  of  a v i s c o u s  

i n c o m p r e s s i b l e  f l u i d  w i t h  t e m p e r a t u r e - d e p e n d e n t  

v i s c o s i t y  in  a s e m i - i n f i n i t e  c i r c u l a r  p i p e  i s  d e s c r i b e d  

[6, 7] by  t h e  s y s t e m  of  e q u a t i o n s  of  m o t i o n  a n d  c o n -  

s e r v a t i o n  of  e n e r g y .  In  o u r  e a s e  i t  i s  n e c e s s a r y  to  

s u p p l e m e n t  t h e  l a t t e r  e q u a t i o n  w i t h  a t e r m  c h a r a c -  

t e r i z i n g  t h e  h e a t  d u e  to  t h e  c h e m i c a l  r e a c t i o n ,  s o  

t h a t  t h e  s y s t e m  of  e q u a t i o n s  t a k e s  t h e  f o r m  

d [r[x(T) dW 1 dp (1.  1) d"-7 -d7- = r dz ' 

( 1 . 2 )  r - - +  " r = 0 .  ~-r  ', d r  / qkor e x p - f f f  + ~, d r  / 

H e r e ,  w i s  t h e  f l o w  v e l o c i t y ,  T t h e  a b s o l u t e  t e m p e r a -  

t u r e ,  d p / d z  t h e  p r e s s u r e  d r o p  a l o n g  t h e  p i p e ,  r t h e  

p r e s e n t  r a d i u s ,  k t h e  t h e r m a i  c o n d u c t i v i t y ,  J t h e  m e -  

c h a n i e a l  e q u i v a l e n t  o f  h e a t ,  q t h e  r e a c t i o n  e n e r g y  p e r  

u n i t  v o l u m e ,  R t h e  u n i v e r s a l  g a s  c o n s t a n t ,  E t h e  a c t i -  

vation energy, and k 0 the preexponential factor. 
The boundary conditions for system (i. I), (I. 2) 

have the form 

dr  / d,-I,=o = 0, T (r0) = To, 

d w / d r [ = ~ , =  0, w(r0)  = 0. ( 1 . 3 )  

W e  a s s u m e  t h a t  t h e  v i s c o s i t y  d e p e n d s  on t e m p e r a -  

t u r e  in t h e  f o l l o w i n g  w a y  [7]: 

[t = p , , exp  (E 1 / R T )  

(P0 - c o n s t ,  E1 - -  const) .  

E l i m i n a t i n g  w ( r )  f r o m  s y s t e m  (1 .1 ) ,  

t h e  F i l o n o v  [7] a p p r o x i m a t i o n  f o r  > ( T )  

F r a n k - K a m e n e t s k i i  a p p r o x i m a t i o n  f o r  t h e  c h e m i c a l  

r e a c t i o n  r a t e ,  a n d  r e d u c i n g  t h e  e q u a t i o n  o b t a i n e d  to  

(1 .4 )  

(1 .2) ,  u s i n g  

a n d  t h e  

dimensionless f o r m ,  w e  o b t a i n  

1 d ( y ~ y  )q_6e~..~_~(52yUebe 
y dy 

6 qkoro~E E ~ (1 .5 )  exp - -  --g-~--/ 

w i t h  b o u n d a r y  c o n d i t i o n s  

dO/dx [~,=0 = 0, 0 (f) = 0, 

ERTo 2 / dp \~ 2E- -  E1 
-- 4JF~oq2ko 2 I-~z ) exp ~ ,  

0 (T -- To) E (1. 6) 
- aTo~ / 

Here, 0 is the dimensionless temperature, ~ is a dimensionless 
parameter characterizing the intensity of the mechanical heat sources 
due to dissipation of the kinetic energy of the flow, 6 is the Frank- 
Kamenetskii number [5], y = r/r0 is a dimensionless coordinate, b = 
= EJE is a parameter characterizing the degree of dependence of the 
mechanical heat sources on temperature, usually b < 1. 

The boundary-value problem (1.5), (1.6) does not have a solution 
at all values of 6. We will ca11 the limiting value 5 = 6, ,  at which a 
real solution of the problem still exists, the explosion limit. The 
quantity 6, is proportional to r0 2 ; therefore the probIem of determin- 
ing this limit may be formulated as follows: for a given pipe wall 
temperature and specified pressure drop along the pipe determine the 
pipe radius corresponding to autoignition of the reacting mixture. 

w M a k i n g  t h e  s u b s t i t u t i o n  u = 0 - 0 0, w h e r e  0 0 = 
= 0(0) ,  by  s u c c e s s i v e  i n t e g r a t i o n  o f  E q .  ( 1 . 5 )  w e  r e -  
d u c e  b o u n d a r y - v a l u e  p r o b l e m  (1 .5 ) ,  (1.6)  t o  t h e  n o n -  

l i n e a r  V o l t e r r a  i n t e g r a l  e q u a t i o n  

0 0 

?l x 

--~6Zebaoi(x-li~aebJ4~)d~)dz" (m 6exp00 ~ , = - - ~ - = / .  ( 2 . 1 )  
0 O 

I f  w e  s u b s t i t u t e  f o r  u in  t h e  r i g h t  s i d e  o f  E q .  ( 2 . 1 )  a 

v a l u e  t h a t  w e  k n o w  to  b e  t o o  h i g h ,  f o r  e x a m p l e ,  %+_= 

- 0, w e  o b v i o u s l y  o b t a i n  a f u n c t i o n  % - ( y )  w h i c h  on  t h e  

i n t e r v a l  0 < y _< 1 i s  s m a l l e r  t h a n  u ,  t h e  t r u e  s o l u t i o n  

o f  E q s .  (2 .1) .  S u b s t i t u t i n g  u G ( y )  i n t o  t h e  r i g h t  s i d e  o f  

( 2 . 1 ) ,  w e  o b t a i n  u + ( y ) > u ( y ) .  O b v i o u s l y ,  u2+(y) < 0 .  

S u b s t i t u t i n g  t h e  s e c o n d  a p p r o x i m a t i o n  uz + f o r  u in  t h e  

r i g h t  s i d e  o f  (2 .1 ) ,  w e  o b t a i n  u~-  < u ,  b u t  a t  t h e  s a m e  

t i m e  ua - > u l - ,  s i n c e  uz + < 0.  S u b s t i t u t i n g  t h e  t h i r d  a p -  

p r o x i m a t i o n  f o r  u in  (2 .1) ,  w e  o b t a i n  u~ + > u ,  b u t  a t  

t h e  s a m e  t i m e  ur + < u2+, s i n c e  ua -  > u l -  , a n d  s o  on .  

T h u s ,  w e  h a v e  o b t a i n e d  a s e q u e n c e  of  u p p e r  f u n c -  

t i o n s  %+ > u 2 + > �9 - �9 > u a n d  a s e q u e n c e  o f  l o w e r  f u n c t i o n s  

u l -  < u a -  < �9 �9 �9 < u .  S i n c e  t h e  s e q u e n c e  of  u p p e r  l u n c -  

t i o n s  {u=C} d e c r e a s e s  a n d  i s  b o u n d e d  b e l o w  by  t h e  t r u e  

s o l u t i o n  u, i t  c o n v e r g e s  to  u .  T h e  s e q u e n c e  o f  l o w e r  
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f u n c t i o n  {~+1} a l s o  c o n v e r g e s  to  u, s i n c e  i t  i n c r e a s e s  

a n d  i s  b o u n d e d  a b o v e  b y  t h e  t r u e  s o l u t i o n  u .  

T h u s ,  t h e  s o l u t i o n  of  E q .  ( 2 . 1 )  c a n  b e  f o u n d  w i t h  

a n y  d e g r e e  of  a c c u r a c y ,  a n d  i n  e a c h  s t e p  o f  t h e  c a l -  

c u l a t i o n s  i t  i s  p o s s i b l e  to  d e t e r m i n e  t h e  e r r o r  o f  t h e  

a p p r o x i m a t e  s o l u t i o n ,  f o r  w h i c h  i t  i s  s u f f i c i e n t  to  

d e t e r m i n e  t h e  d i f f e r e n c e  u+. - - I f  t h i s  d i f f e r e n c e  2~ t t i l i+l" 

i s  s m a l l  a t  0 < y _< 1, t h e n  a s  t h e  a p p r o x i m a t e  v a l u e  

o f  u i t  i s  p o s s i b l e  to  t a k e  u+2~ o r  u~~+,. T h e  c o n v e r g e n c e  

o f  t h e  s u c c e s s i v e  a p p r o x i m a t i o n s  c a n  a l s o  b e  d e m o n -  

s t r a t e d  w i t h  t h e  h e l p  o f  [8 ] .  H a v i n g  d e t e r m i n e d  u~_~ 

u ,  w e  s a t i s f y  t h e  s e c o n d  of  b o u n d a r y  c o n d i t i o n s  

( 1 . 6 ) .  I n  t h i s  e a s e  w e  o b t a i n  a n  e q u a t i o n  g i v i n g  6 i a s  

a f u n c t i o n  o f  00 i :  

1 

0o~ + 8ral f x l a  xe ~'~-1(~) dx + 
o 

t 

+ ~Yi2eb~176 f xs lnxebUi-l(~) dx = 0. ( 2 . 2 )  
o 

I t  t u r n s  o u t  t h a t  5i(00i)  i s  n o n m o n o t o n i c ,  a n d  a t  00i = 

= 0oi* t h e  q u a n t i t y  6i h a s  a m a x i m u m  6 i , .  D i f f e r e n t i a -  

t i n g  (2 .2 )  w i t h  r e s p e c t  to  0s t ,  p r o v i d e d  t h a t  dTi4=dOo~ 
w e  o b t a i n  t h e  e q u a t i o n  

1 

t @ 8m, l x hl x ( t , ~ )  eUi-x(X) dx --~- ~Si2beb~ X 
o 

1 
Oui_ 1 \ bu i l(X) 

• l ,  - d x = O  ( 2 3 )  
0 

S y s t e m  of  e q u a t i o n s  ( 2 . 2 ) ,  ( 2 . 3 )  d e t e r m i n e s  t h e  

q u a n t i t i e s  6 i ,  a n d  Pot* ,  w h i c h  r e p r e s e n t  a p p r o x i m a t i o n s  

o f  the maximum temperature rise and the explosion 
limit. 

The effectiveness of the method is apparent from 

simple examples of the autoignition of reacting plates, 

cylinders, and spheres, for which exact solutions are 

known [5]. Thus, for the autoignition of a plate 51, = 

= 0.74,001.= 1 and 62.= 0.90, 802.= 1.22, whereas 
the exact values [5] are 6.= 0.88, 80.= 1.2. 

w We will first consider the autoignition of a reacting mixture at 
constant viscosity (b = 0). In accordance with [3, 4], this case is re- 
alized for certain liquids, as well as for any gases provided that the 
flow velocity is small  as compared with the speed of sound. 

For the autoignition of a reacting mixture in a tube it  is convenient 
to take as the zero-order approximation of the solution of (2. 1) the 
function 

us + = - 2 1 1 1 ( t  + m y  2) , (3 .  1) 

which is the solution of (2. 1) at 13 = 0. This function can be found with 
the help of [9]. Obviously, u0 + > u, where u -  is the solution of Eq. 
(2.1). + Substituting u 0 into the right-hand side of Eq. (2.1), we obtain 
the first approximation 

rZl- = 1112~62y4 - -  2 h l  ( t  + rny  2) , ( 3 .  2)  

which, obviously, is smaller than u. Substituting this expression into the 
right side of (2. 1), we obtain the second approximation 

Y 

[~62Y~ - -  8m x In (t + mx~-) -s exp ~ dx (3. 3) u2+ = - -  15 
o 

known to be too high as compared with u. 

Substituting (3.1) into system (2.2), (2.3), we obtainthe following 
system of equations for determining 61. and 001 * : 

001, = 2 in 2 + 4~ exp (--  2001,), 8** = 8 exp (--  0ox,). (3. 4) 

Solutions of system (3.4) for a number of values of 13 are given in 
the table: 

0.0t 0 . t  t iO 100 

8t. t .  99503 t .  9531 t .  6775 t .  0303 0.4784 
00l. t.38878 1.4t00 1.5622 2.0496 2.8t67 
62, 1.99548 I. 9578 i .  7006 t .  0581 0.4939 
002. i.38884 1.4t03 t.5628 2.0648 2.8752 

Substituting (3.2) into system of equatiom (2.2), (2.3), we obtain a 
system of equations for determining 8z, and 002 * . This system has 
been solved by Newton's method [10], taking asthe first approximation 
the corresponding values 61, and 001,, and evaluating the definite 
integrals in the system of equations for determining 6z, ,  Ooz , by 8irnp- 
son's method for 20 ordinates [10] using the tables given in [11]. The 
results of the calculations are presented in the table. 

From the data presented above it is clear that the difference be- 
tween the first and second approximations, while remaining quite 
small,  increases with 3, which is perfectly legit imate since the zero- 
order approximation is exact  at 3 = 0. If we assume, by analogy with 
the example of w that the first approximation of 5, and 0s, gives 
too low a value of these quantifies, white the second approximation 
62, and O0z , gives too high a value of 6, and 00, ,  then the small  
value of the differences 62, -- 51, ,  00z, - 001, indicates that in prac- 
tice the second approximation of 5, and 00, may be regarded as the 
exact value of those quantities. In order to establish whether 61, ,  001, 
and 6z, ,  002 * are respectively the lower and upper bounds of 5, and 
00, , we calculated 5s,  , 0os , for 13 = 100. For this purpose we substi- 
tuted expression (3.3) for u in system of equations (2.2), (2.3). The 
system of equations obtained gives 6 s and 003,. This system was solved 
by Newton's method, and as the zero-order approximation we took 
the quantities 62, and 002, for 13 = 100. The definite integrals in the 
system of equations for determining 63, and 0as , were evaluated by 
Simpson's method for 20 ordinates, while the integrals with a variable 
upper l imit were determined by Melent 'ev 's  method [10] for four or- 
dinates with a step h = 0. 05. As a result of the calculation we found 
63, = 0.4920, 0os , = 2.8654. These values fall between the values of 
61, ,  001 , and 5z , ,  002 , and lie closer to the latter, as was to be ex- 
pected. 

w We will consider the autoignhion of a reacting mixture at b = 
= 1/2. Selecting, as before, (3.1) as the zero-order approximation, 
we obtain the analogous system of equations 

0ol - -  2 In (t + ml) - -  2~8ie J/* %' + 

1 

+ 32 ~e -V* So' l In (t + mix 2) dx - 0 ,  (4. 1) 
o 

1 

2ml i t ~ + ~61e -V~ %' - -  48 ~e -*/2 so~ ~ In (t + rnlx 2) dx 

0 

+ t(~e-"-" oo, In (t + ml) = 0 (4. 2) 

for the quantities 61. and 0s t . .  This system of equations was solved by 
Newton's method [10]. The definite integral in system (4. 1), (4. 2) was 

evaluated for m I = 1 using the tables given in [12], for m t = 1 - e, 
where s << l ,  

i ln (t + m~z"-) dx 
x 

o 

- -  24 - -  0.34(i573 e - -  11 (~48287 e'-' --~.[II)3797 e ~ . . . . .  (4. 3) 

Calculations at 13 = 0. 001, 0.01,  0. 1, 1 yield 51, = 1. 999290, 
1.9929, 1.93, 1.62 and 001, "= 1.386487, 1.3881, 1.40, 1.44. 

The evaluation of the second approximation involves considerable 
computation ; therefore we will check the accuracy of the quantities 
61, and 001, for small  13 by means of the small parameter method. We 
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write the solution of Eq. (2.1) for small B in the form 

u = - - 2 1 n ( t  + m y  ~)+[~u~+ ~ u . . +  . . . .  (4. 4) 

Substituting (4.4) into (2.1) and discarding small quantities of the 
second order and above, we obtain an equation for u~, solving which 
we find 

u,_8~e,/Soo~y~(9--rny~) 31n(l + my~) 
-- L4m (t + my ~) - -  2m ~ 

y 
(4. 5) 

2~-(~ - ' - - ~ )  2 J 
0 

Satisfying (4.4) with account for (4. 5) and the second of conditions 
(1.6), we obtain an equation giving 6 as a flmetion of 00: 

V 9 - - m  31n( l  + m )  
o o - 2 i n ( l  + r a ) +  ~8~ e'l~ "~ /'4--"77-'7- ;") ~ L  ~ ~ - ~  

1 
3 ( i - - r n ) S l n ( l + m x ~ ) d z l  

2m ~(t ~-m) x = 0 .  
o 

(4. 6) 

Differentiating (4. 5) with respect to Oo and noting that d6/d0o = O, 
we have 

2m ~5 ~ ,, a [-m ~ - 4 0 m - 2 t  

+ 3 ( t + 2 m )  I n ( t + m )  
m~ (t + m) + 

1 
3 (3 - -  3m~ -}- 4m) l n ( l + ? z ~ ) d x ]  

2m~ (t + m) ~ l - = 0. 
0 

(4. 7) 

Equations (4. 6) and (4.7) demrmine 5, and O0, correct to terms 
containing B e, so that at small 6 the quantities 6, and 00,, determined 
from system of equations (4. 6) and (4.7), must be close to the exact 
values. System of equations (4. 6), (4. 7) was solved by Newton's meth- 
od [10]. For B = 0.001, 0.01, O. 1 we obtained 6, = 1.995365, 1.9937, 
1.94, 00. = 1.386500, 1.3883, 1.40, respectively. Comparing these 
data with the data previously obtained by the method of successive 
approximations, we see that 61, and 001 , approximate 6, and 00, from 
below, and the error is not large. 

From the tabulated data and the above calculations it follows that 
the pmexplosion temperature rise 00, increased with B, while the ex- 
plosinn limit decreases. Physically, this is attributable to the fact that 
the heat of friction causes a local increase in temperature near the 
wall, which is greater, the greater B, as a result of which the flow of 
heat from the central part of the pipe is reduced more strongly, the 
greater B. 

Comparing the tabulated data and the data of the above calcula- 
tions, we see that the values of 5, and 00, for b ~ 0 are lower than the 
corresponding values of 6, and 00, for b = O. This is attributable to the 
fact that the amount of heat derived from mechanical heat sources is 
greater at b ~ O than at b = 0, while the decrease in 0~, at b r 0 is 
attributable to the fact that the temperature due to mechanical heat 
soumes rises more uniformly at b r 0 than at b = 0, as a result of 
which the flow of heat kom the central part of the pipe increases. In 
view of the symmetry conditions, the temperature maxim um is reached 
at y = 0 in both cases. 

w W e  w i l l  e s t i m a t e  t h e  e f f e c t  of  t h e  h e a t  of f r i c -  

t i o n  on  t h e  a u t o i g n i t i o n  of a r e a c t i n g  f l u i d  f o r  N e w t o n -  

inn  h e a t  t r a n s f e r  t h r o u g h  t h e  p i p e  w a l l .  F o r  t h i s  

p u r p o s e  w e  w i l l  c o n s i d e r  t h e  t h e r m a l  e x p l o s i o n  of a 

r e a c t i n g  f l u i d  i n i t i a l l y  a t  r e s t  in  a n  i n f i n i t e  c y l i n d r i c a l  

p i p e  a n d  t h e n  s u d d e n l y  b r o u g h t  i n t o  m o t i o n .  T h i s  p r o b -  

l e m  i s  a n  e x a m p l e  of d y n a m i c  a u t o i g n i t i o n ,  d i f f e r e n t  

f r o m  t h e  e x a m p l e s  e x a m i n e d  in  [ 1 3 - 1 4 ] .  M a t h e -  

m a t i c a l l y  t h e  p r o b l e m  r e d u c e s  to  t h e  s o l u t i o n  of t h e  

s y s t e m  of e q u a t i o n s  

0w , 0 ( 0w~ ~ dp (5 .1 )  
Ot - -  r Or \r--or-r ] p dz ' 

OT L 0 ( OT~ - - E  / O w \ ~  
%9 ot --  7 Or r 'bT-r)+ q k ~  (5 .2 )  

w i t h  b o u n d a r y  and  i n i t i a l  c o n d i t i o n s  

OT  Lo=O  L=o 
T( t ,  r 0 ) = T 0 ,  T(0 ,  r )= -  To, w(0,  r ) = 0 .  (5 .3 )  

H e r e ,  t i s  t i m e ,  Cp t h e  s p e c i f i c  h e a t  a t  c o n s t a n t  p r e s -  
s u r e ,  p d e n s i t y ,  a n d  v t h e  k i n e m a t i c  v i s c o s i t y ~  

F o r  s i m p l i c i t y  we  a s s u m e  t h a t  t h e  v i s c o s i t y  and  t h e  

t h e r m o p h y s i c a l  c o e f f i c i e n t s  a r e  c o n s t a n t .  

A n  e x a c t  s o l u t i o n  of Eq .  (5 .1 )  w i t h  c o n d i t i o n s  (5 .3 )  
h a s  b e e n  o b t a i n e d  b y  G r o m e k o  [6] in  t h e  f o r m  of a 

s e r i e s  in  B e s s e l  f u n c t i o n s .  T o  s i m p l i f y  t h e  s u b s e q u e n t  

a n a l y s i s ,  we  w i l l  u s e  t h e  m e t h o d  of i n t e g r a l  r e l a t i o n s  

[15] to find a simple approximate solution of Eqs. 
(5.1) with conditions (5.3): 

- -  ~ ( t  r~ ro ~ dp ( t - - e x p ( - - 8 + t  
w 4,  dz r~ 2 )] --770~ ). ( 5 .4 )  

To d e r i v e  (5 .4) ,  t he  p r o f i l e  w = w0(t) (1 - rZ/r0 a ) i s  
s u b s t i t u t e d  i n to  Eq.  ( 5 . 1 ) ,  t h e  r e s u l t  of t h e  s u b s t i t u t i o n  
i s  i n t e g r a t e d  w i t h  r e s p e c t  to  r f r o m  0 to  r 0 a n d  t h e  

f i r s t - o r d e r  d i f f e r e n t i a l  e q u a t i o n  f o r  w0(t) t h u s  o b t a i n e d  
i s  s o l v e d  w i t h  t h e  z e r o  c o n d i t i o n .  A c o m p a r i s o n  of (5 .4 )  

w i t h  t h e  e x a c t  s o l u t i o n  s h o w e d  t h a t  the  e r r o r  of (5.4)  
d o e s  no t  e x c e e d  12%. 

S u b s t i t u t i n g  (5.4) i n to  (5.2) a n d  r e d u c i n g t h e  r e s u l t  of t h e  

s u b s t i t u t i o n  to d i m e n s i o n l e s s  f o r m ,  we h a v e  t h e  e q u a t i o n  

O0 0 ( O0 (t - -  e-SP") ~ = --g~-y ) + 6ge ~ + ~62y s Y W  - ~  ~Y 

(x = ~,t ) (5.5) 
?Cpr0 ~ 

w i t h  b o u n d a r y  a n d  i n i t i a l  c o n d i t i o n s  

00 00 Lo=O, (w+Bo),,= =o, o(o,y)=o 
~ro 

B = --2" ' 
vpcp\ P = -V-)" (5.6) 

H e r e ,  P i s  t h e  P r a n d t l  n u m b e r  and  c~ t he  h e a t  t r a n s -  

f e r  c o e f f i c i e n t .  

We  e m p l o y  t h e  m e t h o d  of i n t e g r a l  r e l a t i o n s  [14,  15] 

to  s o l v e  b o u n d a r y - v a l u e  p r o b l e m  (5 .5) ,  (5.6) .  We a s -  

s u m e  t h a t  t h e  t e m p e r a t u r e  p r o f i l e  [14] h a s  t h e  f o r m  

] = g (1;) - -  2 In (1 + ay ~) 

(g = 21n(i + a ) + 4 a / B ( l  + a ) ) .  (5 .7 )  

S u b s t i t u t i n g  (5 .7 )  i n t o  (5.5) and  i n t e g r a t i n g  t h e  r e s u l t  
of t h e  s u b s t i t u t i o n  w i t h  r e s p e c t  to  y f r o m  0 to  1, w e  

o b t a i n  t h e  C a u e h y  p r o b l e m  f o r  d e t e r m i n i n g  a(~'): 

da - -  [B dl: a ~ (1 + a) {{i (t -}- a) [2e tta/B(l+a) 4:- 

+ ~5( l - -e -SP ' )2 ]  - t6a]  [ 4 {a~12 + B(t  + a ) ] - -  

- - B ( l + a ) 2 [ a - - l n ( l + a ) ]  , a ( 0 )  = 0.  ( 5 . 8 )  
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I f  a(~-) ~ o~ a s  T ~ ~0 < ~o, i .  e . ,  i f  t h e  s o l u t i o n  of  t h e  
C a u c h y  p r o b l e m  (5.8)  h a s  f i n i t e  d e t e r m i n a t i o n  t i m e  [16] ,  

t h e n  t h e  r e a c t i n g  s y s t e m  w i l l  e x p l o d e ,  a n d  in  t h i s  c a s e  

t h e  q u a n t i t y  T O i s  t h e  i n d u c t i o n  p e r i o d .  T a k i n g  T a s  t h e  
f u n c t i o n ,  a n d  a a s  t h e  i n d e p e n d e n t  v a r i a b l e ,  w e  e a s i l y  f i n d  

t h a t  a n  e x p l o s i o n  w i l l  o c c u r  i f  a s  a --* oo w e  h a v e  

T(a) ~ ~'0 < o% i . e . ,  i n  t h i s  c a s e  t h e  p r o b l e m  of  t h e r m a l  

e x p l o s i o n  r e d u c e s  t o  t h e  L a g r a n g e  s t a b i l i t y  [16] f o r  
r = ~'(a). 

W e  w i l l  s h o w  t h a t  f o r  a n y  ~ t h e r e  e x i s t s  a n  e x p l o -  
s i o n  l i m i t  6 = 6 , .  T h e  f u n c t i o n  a+(~ -) g i v e n  b y  t h e  e q u a -  

t i o n  

da+d'~ = [ Ba+2(t " a+){8(t + a+)• 

• + 2 exp [4a + ] B (1 + a+)]} - -  16a+}] • 

w i t h  i n i t i a l  c o n d i t i o n  ( 5 . 8 )  m a j o r i z e s  a = a(T) .  T h e  

s o l u t i o n  o f  t h e  C a u c h y  p r o b l e m  ( 5 . 8 ) ,  ( 5 . 9 )  f o r  6 -~ 6 , -  

a n d  T ~ ~ t a k e s  f i n i t e  s t a t i o n a r y  v a l u e s ,  a n d  a t  5 > 6 , -  

t h e r e  i s  a s t e a d y  i n c r e a s e  in  t h e  q u a n t i t y  a + w i t h  i n -  

c r e a s e  in  ~,  s o  t h a t  l i m  a+(~)  = ~ a s  r ~  ~0 �9 

I t  i s  e a s y  to  s e e  t h a t  t h e  l i m i t i n g  v a l u e  of  6 = 6 , '%  

a t  w h i c h  t h e  s t a t i o n a r y  v a l u e  o f  a + i s  r e a c h e d ,  a n d  t h e  

c o r r e s p o n d i n g  v a l u e  a ,  a r e  d e t e r m i n e d  b y  t h e  s y s t e m  
of  e q u a t i o n s  

B [ 4~B 
4 + B ( l + a )  t +  ( t .+a)2[4+B( t+a)  ] • 

- -  8a .] a 

x e x p  B ( l + a )  = t ~ - a  ' 

8B - -  4a 
6 =  i t W a ) [ 4 + B ( t + a ) l e X P B ( t + a ) .  ( 5 . 1 0 )  

A s  B ~ oo s y s t e m  ( 5 . 1 0 )  r e d u c e s  to  t h e  s i n g l e  e q u a -  

t i o n  

6 = 2 (1 - -  1/1 ~ [~62) 2 (5. ii) 

whose solution 

6 . -  = 2 {1 - -  ~/4~ [1 - -  '/,~ (1 - -  V ~ ) q ~ } ,  ( 5 . 1 2 )  

w h i c h  w e  f o u n d  by  a n  i t e r a t i v e  m e t h o d  [10] , s a t i s f a c -  

t o r i l y  c o i n c i d e s  w i t h  t h e  t a b u l a t e d  d a t a  a t  0 < fl -<- 1. 

W h e n  fl >> 1 w e  h a v e  a .  >> 1 a n d  6 , -  ~ 4 / ( f i ) l /2 .  
Using a small parameter method [10], for small values of B we 

found 

2 B [ t _ _ ~ ( .  1 4~'" (5. 13) 

Since a < a +, it is clear that when 6 -< 6,"  and r--~ .o the quantity 
a--~ const < o0. At the same time. in the absence of friction ($ = 0) 
a stationary temperature distribution exists at 5 -< 6, .  where 

8a. - -  4a. 
6*+ = (l -!- a ~  -'('xp B( t  i-a,) 

t , B 2 
(a ,=2")7"  ( V t T - ~ - - - t ) ) .  (5.14) 

Thus, in the case considered when $ ~ 0 an explosion limit always 
exists and lies in the range 6,-- < 6, -< 6, +. 

It is interesting to note that if a dynamic autoignition regime is 
achieved by raising the external temperat~e,  assuming [14] that as 
T --~ T 1 < z 0 it increases smoothly from 0 to 001 , then, as distinct 
from the case considered, at 001 > 2 In 2 there will be an unstable 
temperature distribution and an explosion will follow the least per- 
turbation at any value of 6 > 0. 
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